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Abstract
The non-Markovian dynamics of a charged particle linearly coupled to a neutral bosonic heat
bath is investigated in an external uniform magnetic field. The analytical expressions for the time-
dependent and asymptotic friction and diffusion coefficients, cyclotron frequencies, variances of
the coordinate and momentum, and orbital magnetic moments are derived. The role of magnetic
field in the dissipation and diffusion processes is illustrated by several examples in the low- and
high-temperature regimes. The localization phenomenon for a charged particle is observed. The
orbital diamagnetism of quantum system in a dissipative environment is studied. The quantization
conditions are found for the angular momentum.
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I. INTRODUCTION
The problem of description of a two-dimensional quantum system under the influence of
external magnetic and electric fields and energy exchange with its environment is of great
interest in atomic, nuclear, and plasma physics, astrophysics, condensed matter physics,
quantum optics, and quantum information and measurement theories [1–8]. The intensive
investigations deal with the impact of the external magnetic field on such systems as quantum
dots, quantum wires, and two-dimensional electronic systems [4]. The characteristics of
plasma in the homogeneous external field has also importance in the physics of gas discharge
[8].
The external fields modify the distribution of internal energy which in turn modifies or
alters the electronic properties such as the carrier concentration, direction, and mobility.
Modeling electric current implies the determination of the time-dependence of the number
of electrons with given momentum at a certain location. The equations of motion can be ob-
tained by using the quantum Langevin approach or density matrix formalism which is widely
applied to find the effects of fluctuations and dissipation in macroscopic systems [9–32]. Us-
ing the phenomenological Markovian Fokker-Planck equation for the Wigner probability
function, the problem of quantum description of the damped isotropic two-dimensional har-
monic oscillator in an uniform magnetic field has been studied in Ref. [16] in the case of
arbitrary relations between the proper oscillator frequency, damping coefficients and tem-
perature. The relations between the phenomenological diffusion coefficients ensuring the
positivity of the reduced density matrix at each moment of time have been obtained in
Ref. [16]. By including the magnetic field in the quantum non-Markovian Langevin equa-
tion, the effects of dissipation and magnetic field on localization of a charged particle moving
in a confined potential have been investigated in Refs. [23, 24]. As found, the weak dissipa-
tion delocalizes the oscillation of a charged particle when the magnetic field is stronger than
a certain critical value [24]. For a charged particle moving in a two-dimensional harmonic os-
cillator and an uniform magnetic field, the time-dependent friction and diffusion coefficients
have been analytically derived and numerically studied within the non-Markovian quantum
Langevin formalism in Ref. [28, 29]. A charged particle moving in a static external mag-
netic field (without a confined potential) and linearly coupled to a heat bath has been only
treated in Refs. [20, 25], where a fully dynamical calculation of the orbital diamagnetism
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has been presented. In Ref. [20] The non-Markovian and Markovian Langevin formalism
have been used in Refs. [25] and [20], respectively. In all cases [20, 23–25, 28], the magnetic
field affects neither the memory function nor the random force appearing in the quantum
Langevin equation.
The aim of the present work is to derive the analytical by the transport coefficients for
a unconfined charged particle in an uniform magnetic field and dissipative environment and
to study the influence of the magnetic field on these coefficients, fluctuations, cyclotron
frequencies, and orbital magnetic moment (orbital diamagnetism). The paper is organized
as follows. In Sec. II, we give the Hamiltonian of the system and solve the quantum non-
Markovian two-dimensional Langevin equations for a charged particle moving in the plane
normal to the applied field. The transport coefficients are obtained by considering the first
and second moments of the stochastic dissipative equations. The discussions and illustrative
numerical results are presented in Sec. III. A summary is given in Sec. IV.
II. LINEAR COUPLING IN COORDINATE WITH HEAT BATH
A. Derivation of quantum Langevin equations
Let us consider a two-dimensional motion of a charged quantum particle in the presence
of heat bath and external constant magnetic field B = (0, 0, B). The total Hamiltonian of
this system is [23, 29]
H = Hc +Hb +Hcb. (1)
The Hamiltonian Hc describes the charged quantum particle with effective mass tensor and
charge e = |e| in magnetic field:
Hc =
1
2mx
[px − eAx(x, y)]2 + 1
2my
[py − eAy(x, y)]2 = π
2
x
2mx
+
π2y
2my
. (2)
Here, mx and my are the components of the effective mass tensor, R = (x, y, 0) and p =
(px, py, 0) are the coordinate and canonically conjugated momentum, respectively, A =
(−1
2
yB, 1
2
xB, 0) is the vector potential of the magnetic field. For simplicity, in Eq. (2) we
introduce the notations
πx = px +
1
2
mxωcxy, πy = py − 1
2
myωcyx
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with frequencies ωcx =
eB
mx
and ωcy =
eB
my
. The cyclotron frequency is ωc =
√
ωcxωcy =
eB√
mxmy
.
The second term in Eq. (1) represents the Hamiltonian of the phonon (bosonic) heat
bath,
Hb =
∑
ν
~ωνb
+
ν bν , (3)
where b+ν and bν are the phonon creation and annihilation operators of the heat bath. The
coupling between the heat bath and charged particle is described by
Hcb =
∑
ν
(ανx+ βνy)(b
+
ν + bν) +
∑
ν
1
~ων
(ανx+ βνy)
2, (4)
where αν and βν are the real coupling constants. Equation (4) is already used in literature
[20, 23, 25, 28, 29]. The first term of Hcb in Eq. (4) corresponds to the energy exchange
between the charged particle and heat bath. We introduce the counter-term (second term)
in Hcb in order to compensate the coupling-induced potential. In general case, αν and βν
depend on the strength of magnetic field and an impact of the magnetic field B is entered
into the dissipative kernels and random forces.
The equations of motion are
x˙(t) =
i
~
[H, x] =
πx(t)
mx
, y˙(t) =
i
~
[H, y] =
πy(t)
my
,
π˙x(t) =
i
~
[H, πx] = ωcyπy(t)−
∑
ν
αν(b
+
ν (t) + bν(t))− 2
∑
ν
αν(ανx(t) + βνy(t))
~ων
,
π˙y(t) =
i
~
[H, πy] = −ωcxπx(t)−
∑
ν
βν(b
+
ν (t) + bν(t))− 2
∑
ν
βν(ανx(t) + βνy(t))
~ων
, (5)
and
b˙+ν (t) =
i
~
[H, b+ν ] = iωνb
+
ν (t) +
i
~
(ανx(t) + βνy(t)),
b˙ν(t) =
i
~
[H, bν ] = −iωνbν(t)− i
~
(ανx(t) + βνy(t)). (6)
The solution of Eqs. (6) are
b+ν (t) + bν(t) = f
+
ν (t) + fν(t)−
2(ανx(t) + βνy(t))
~ων
+
2
~ων
t∫
0
dτ(αν x˙(τ) + βν y˙(τ)) cos(ων[t− τ ]),
b+ν (t)− bν(t) = f+ν (t)− fν(t) +
2i
~ων
t∫
0
dτ(αν x˙(τ) + βν y˙(τ)) sin(ων [t− τ ]), (7)
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where
fν(t) =
[
bν(0) +
ανx(0) + βνy(0)
~ων
]
e−iων t.
Substituting (7) into (5) and eliminating the bath variables from the equations of motion for
the charged particle, we obtain the set of nonlinear integro-differential stochastic dissipative
equations
x˙(t) =
πx(t)
mx
, y˙(t) =
πy(t)
my
,
π˙x(t) = ωcyπy(t)−
t∫
0
dτKxx(t, τ)x˙(τ)−
t∫
0
dτKxy(t, τ)x˙(τ) + Fx(t),
π˙y(t) = −ωcxπx(t)−
t∫
0
dτKyy(t, τ)y˙(τ)−
t∫
0
dτKyx(t, τ)y˙(τ) + Fy(t). (8)
The dissipative kernels and random forces in (8) are
Kxx(t, τ) = 2
∑
ν
α2ν
~ων
cos(ων[t− τ ]),
Kxy(t, τ) = Kyx(t, τ) = 2
∑
ν
ανβν
~ων
cos(ων [t− τ ]),
Kyy(t, τ) =
∑
ν
β2ν
~ων
cos(ων [t− τ ]) (9)
and
Fx(t) =
∑
ν
F νx (t) = −
∑
ν
αν [f
+
ν (t) + fν(t)],
Fy(t) =
∑
ν
F νy (t) = −
∑
ν
βν [f
+
ν (t) + fν(t)], (10)
respectively. Following the standard procedure of statistical mechanics, we identify the
operators F νx and F
ν
y as fluctuations because of uncertainty of the initial conditions for the
bath operators. To specify the statistical properties of the fluctuations, we consider an
ensemble of initial states in which the fluctuations have the Gaussian distribution with zero
average value
≪ F νx (t)≫=≪ F νy (t)≫= 0. (11)
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Here, the symbol≪ ...≫ denotes the average over the bath with the Bose-Einstein statistics
≪ f+ν (t)f+ν′ (t′)≫ = ≪ fν(t)fν′(t′)≫= 0,
≪ f+ν (t)fν′(t′)≫ = δν,ν′nνeiων [t−t
′],
≪ fν(t)f+ν′ (t′)≫ = δν,ν′(nν + 1)e−iων [t−t
′], (12)
where the occupation numbers nν = [exp(~ων/T )−1]−1 for phonons depend on temperature
T given in the energy units.
Using the properties (11) and (12) of random forces, we get the following symmetrized
correlation functions ϕνkk′(t, t
′) =≪ F νk (t)F νk′(t′) + F νk′(t′)F νk (t)≫ (k, k′ = x, y):
ϕνxx(t, t
′) = 2[2nν + 1]α2ν cos(ων [t− t′]),
ϕνyy(t, t
′) = ϕνxx(t, t
′)|x→y,
ϕνxy(t, t
′) = 2[2nν + 1]ανβν cos(ων [t− t′]),
ϕνyx(t, t
′) = ϕνxy(t, t
′)|x→y. (13)
The quantum fluctuation-dissipation relations read∑
ν
ϕνxx(t, t
′)
tanh[~ων
2T
]
~ων
= Kxx(t, t
′),
∑
ν
ϕνyy(t, t
′)
tanh[~ων
2T
]
~ων
= Kyy(t, t
′),
∑
ν
ϕνxy(t, t
′)
tanh[~ων
2T
]
~ων
= Kxy(t, t
′),
∑
ν
ϕνyx(t, t
′)
tanh[~ων
2T
]
~ων
= Kyx(t, t
′). (14)
The validity of the fluctuation-dissipation relations means that we have properly identified
the dissipative terms in the non-Markovian dynamical equations of motion. The quantum
fluctuation-dissipation relations differ from the classical ones∑
ν
ϕνxx(t, t
′) = 2TKxx(t, t′),
∑
ν
ϕνyy(t, t
′) = 2TKyy(t, t′),
∑
ν
ϕνxy(t, t
′) = 2TKxy(t, t
′),
∑
ν
ϕνyx(t, t
′) = 2TKyx(t, t′). (15)
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and are reduced to them in the limit of high temperature.
B. Solution of Non-Markovian Langevin equations
In order to solve the equations of motion (8) for the variables of the charged particle, we
applied the Laplace transformation which significantly simplifies the problem [27, 28]. The
explicit solutions are
x(t) = x(0) + A1(t)πx(0) + A2(t)πy(0) + Ix(t) + I
′
x(t),
y(t) = y(0) +B1(t)πy(0)− B2(t)πx(0)− Iy(t) + I ′y(t),
πx(t) = C1(t)πx(0) + C2(t)πy(0) + Ipix(t) + I
′
pix
(t),
πy(t) = D1(t)πy(0)−D2(t)πx(0)− Ipiy(t) + I ′piy(t), (16)
where
Ix(t) =
∫ t
0
A1(τ)Fx(t− τ)dτ, I ′x(t) =
∫ t
0
A2(τ)Fy(t− τ)dτ,
Iy(t) =
∫ t
0
B2(τ)Fx(t− τ)dτ, I ′y(t) =
∫ t
0
B1(τ)Fy(t− τ)dτ,
Ipix(t) =
∫ t
0
C1(τ)Fx(t− τ)dτ, I ′pix(t) =
∫ t
0
C2(τ)Fy(t− τ)dτ,
Ipiy(t) =
∫ t
0
D2(τ)Fx(t− τ)dτ, I ′piy(t) =
∫ t
0
D1(τ)Fy(t− τ)dτ,
and the following time-dependent coefficients:
A1(t) = A˙3(t), A2(t) = B˙3(t)|x↔y,
A3(t) =
1
mx
(
λy
λxλy + ω2c
t+
ω2c (γ − λy)− λ2y(γ − λx)
γ(λxλy + ωcxωcy)2
+
4∑
i=1
bie
sit(γ + si)(γλy + si(γ + si))
s2i
),
B1(t) = A˙3(t)|x↔y, B2(t) = B˙3(t),
B3(t) =
ωcx
my
(
t
λxλy + ωcxωcy
+
2λxλy − γ(λx + λy)
γ(λxλy + ωcxωcy)2
+
4∑
i=1
bie
sit(γ + si)
2
s2i
)
,
C1(t) = mxA¨3(t), C2(t) = mxB¨3(t), C3(t) = mxA˙3(t),
D1(t) = C1(t)|x↔y, D2(t) = myB¨3(t), D3(t) = myB˙3(t). (17)
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Here, we assume that there is no correlation between F νx and F
ν
y , so that Kxy = Kyx = 0,
and bi = [
∏
j 6=i(si − sj)]−1 with i, j = 1, 2, 3, 4 and si are the roots of the equation
γλx[γλy + s(γ + s)] + (γ + s)(s[s
2 + ω2c ] + γ[ω
2
c + s(λy + s)]) = 0. (18)
We introduce the spectral density Dω of the heat bath excitations to replace the sum over
different oscillators, ν, by an integral over the frequency:
∑
ν ... →
∞∫
0
dωDω.... This is
accompanied by the following replacements: αν → αω, βν → βω, ων → ω, and nν → nω. Let
us consider the following spectral functions [21]
Dω
|αω|2
ω
=
λ2x
π
γ2
γ2 + ω2
, Dω
|βω|2
ω
=
λ2y
π
γ2
γ2 + ω2
, (19)
where the memory time γ−1 of the dissipation is inverse to the phonon bandwidth of the
heat bath excitations which are coupled to a quantum particle and the coefficients
λx = ~α
2 =
1
mx
∫ ∞
0
Kxx(t− τ)dτ, λy = ~β2 = 1
my
∫ ∞
0
Kyy(t− τ)dτ
are the friction coefficients in the Markovian limit. This is the Ohmic dissipation with the
Lorentian cutoff (Drude dissipation) [9–14, 21, 27, 28] with the dissipative kernels
Kxx(t) = mxλxγe
−γ|t|, Kyy(t) = myλyγe−γ|t|. (20)
C. Derivation of non-stationary transport coefficients
In order to determine the transport coefficients, we use Eqs. (16). Averaging them over
the whole system and by differentiating in t, we obtain a system of equations for the first
moments:
< x˙(t) > =
< πx(t) >
mx
, < y˙(t) >=
< πy(t) >
my
,
< π˙x(t) > = ω˜cy(t) < πy(t) > −λpix(t) < πx(t) >,
< π˙y(t) > = −ω˜cx(t) < πx(t) > −λpiy(t) < πy(t) >, (21)
where the friction coefficients are
λpix(t) = −
D1(t)C˙1(t) +D2(t)C˙2(t)
C1(t)D1(t) + C2(t)D2(t)
,
λpiy(t) = −
C1(t)D˙1(t) + C2(t)D˙2(t)
C1(t)D1(t) + C2(t)D2(t)
, (22)
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and the renormalized cyclotron frequencies are given by
ω˜cx(t) =
D1(t)D˙2(t)−D2(t)D˙1(t)
C1(t)D1(t) + C2(t)D2(t)
,
ω˜cy(t) =
C1(t)C˙2(t)− C2(t)C˙1(t)
C1(t)D1(t) + C2(t)D2(t)
. (23)
As seen, the dynamics is governed by the non-stationary coefficients.
The equations for the second moments (variances),
Σqiqj(t) =
1
2
< qi(t)qj(t) + qj(t)qi(t) > − < qi(t) >< qj(t) >,
where qi = x, y, πx, or πy (i=1-4), are
Σ˙xx(t) =
2Σxpix(t)
mx
, Σ˙yy(t) =
2Σypiy(t)
my
,
Σ˙xy(t) =
Σxpiy(t)
my
+
Σypix(t)
mx
,
Σ˙xpiy(t) = −λpiy(t)Σxpiy(t)− ω˜cx(t)Σxpix(t) +
Σpixpiy(t)
mx
+ 2Dxpiy(t),
Σ˙xpix(t) = −λpix(t)Σxpix(t) + ω˜cy(t)Σxpiy(t) +
Σpixpix(t)
mx
+ 2Dxpix(t),
Σ˙ypix(t) = −λpix(t)Σypix(t) + ω˜cy(t)Σypiy(t) +
Σpixpiy(t)
my
+ 2Dypix(t),
Σ˙ypiy(t) = −λpiy(t)Σypiy(t)− ω˜cx(t)Σypix(t) +
Σpiypiy(t)
my
+ 2Dypiy(t),
Σ˙piypiy(t) = −2λpiy(t)Σpiypiy(t)− 2ω˜cx(t)Σpixpiy(t) + 2Dpiypiy(t),
Σ˙pixpix(t) = −2λpix(t)Σpixpix(t) + 2ω˜cy(t)Σpixpiy(t) + 2Dpixpix(t),
Σ˙pixpiy(t) = −(λpix(t) + λpiy(t))Σpixpiy(t) + ω˜cy(t)Σpiypiy(t)− ω˜cx(t)Σpixpix(t) + 2Dpixpiy(t).(24)
So, we have obtained the local in time equations for the first and second moments, but
with the transport coefficients depending explicitly on time. The time-dependent diffusion
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coefficients Dqiqj(t) are determined as
Dxx(t) = Dyy(t) = Dxy(t) = 0,
Dpixpix(t) = λpix(t)Jpixpix(t)− ω˜cy(t)Jpixpiy(t) +
1
2
J˙pixpix(t),
Dpiypiy(t) = λpiy(t)Jpiypiy(t) + ω˜cx(t)Jpixpiy(t) +
1
2
J˙piypiy(t),
Dpixpiy(t) = −
1
2
[
−(λpix(t) + λpiy(t))Jpixpiy(t) + ω˜cy(t)Jpiypiy(t)− ω˜cx(t)Jpixpix(t)− J˙pixpiy(t)
]
,
Dxpiy(t) = −
1
2
[
−λpiy(t)Jxpiy(t)− ω˜cx(t)Jxpix(t) +
Jpixpiy(t)
mx
− J˙xpiy(t)
]
,
Dypix(t) = −
1
2
[
−λpix(t)Jypix(t) + ω˜cy(t)Jypiy(t) +
Jpixpiy(t)
my
− J˙ypix(t)
]
,
Dxpix(t) = −
1
2
[
−λpix(t)Jxpix(t) + ω˜cy(t)Jxpiy(t) +
Jpixpix(t)
mx
− J˙xpix(t)
]
,
Dypiy(t) = −
1
2
[
−λpiy(t)Jypiy(t)− ω˜cx(t)Jypix(t) +
Jpiypiy(t)
my
− J˙ypiy(t)]
]
. (25)
Here, J˙qiqj(t) = dJqiqj(t)/dt and the explicit expressions for Jqiqj(t) are given in Appendix
A. In our treatment Dxx = Dyy = Dxy = 0 because there are no random forces for x and y
coordinates in Eqs. (8). If ωcx = ωcy = 0, then Dypix(t) = Dxpiy(t) = Dpixpiy(t) = 0.
D. Asymptotic cyclotron frequency and friction coefficients
Using the relationship s1s2s3s4 = γ
2(λxλy +ω
2
c ) between the roots of Eq. (18), we obtain
the asymptotic (t→∞) expressions for the friction coefficients
λpix(∞) = −
[γ + s1 + s2][γλy + ω
2
c + (s1 + γ)(s1 + s2) + s
2
2]
(γ + s1 + s2)2 + ω2c
,
λpiy(∞) = −
[γ + s1 + s2][γλx + ω
2
c + (s1 + γ)(s1 + s2) + s
2
2]
(γ + s1 + s2)2 + ω2c
, (26)
renormalized frequencies
ω˜cx(∞) = ωcx[(s1 + γ)(s2 + γ)− γλx]
(γ + s1 + s2)2 + ω2c
,
ω˜cy(∞) = ωcy[(s1 + γ)(s2 + γ)− γλy]
(γ + s1 + s2)2 + ω2c
, (27)
and renormalized cyclotron frequency
ω˜c(∞) =
√
ω˜cxω˜cy, (28)
where s1 and s2 are the roots with the smallest absolute values of their real parts. As seen
from Eqs. (27), ω˜cx,cy(∞)→ ωc at γ →∞ or λx,y → 0.
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E. Asymptotic variances and diffusion coefficients
Taking into consideration that Σqiqj(∞) = Jqiqj(∞), we find asymptotic variances
Σpixpiy(∞) = Jpixpiy(∞) = 0,
Σpixpix(∞) = Jpixpix(∞) =
~γ2mx
π
×
∫ ∞
0
dω coth
[
~ω
2T
]
[λyγ
2(λxλy + ω
2
c )ω + (λxγ[γ − 2λy] + λyω2c )ω3 + λxω5]
(ω2 + s21)(ω
2 + s22)(ω
2 + s23)(ω
2 + s24)
,
Σxpix(∞) = Jxpix(∞)
=
~γ2
π(λxλy + ω2c )
∫ ∞
0
dω coth[ ~ω
2T
]
(ω2 + γ2)(ω2 + s21)(ω
2 + s22)(ω
2 + s23)(ω
2 + s24)
× {γ3λ2yω(λx − γ)(λxλy + ω2c ) + λxλyω5([λx + 2(λy − γ)]γ + ω2c )− ω7λxλy
− γλyω3(γλx[λy(λy + 2λx)− γ(2λy + λx) + γ2] + ω2c [λyλx + γ(λy − λx)])},
Σxpiy(∞) = Jxpiy(∞)
= − ~γ
2ωcx
π(λxλy + ω2c )
∫ ∞
0
dω coth
[
~ω
2T
]
(ω2 + γ2)(ω2 + s21)(ω
2 + s22)(ω
2 + s23)(ω
2 + s24)
× {γ3λxω(γ − λy)(λxλy + ω2c ) + γω3(ω2cλx[2γ + λy]− λy[2λx(λxλy + ω2c )
− λxγ(3λy + 2[λx − γ])− γ2(γ − λy)])
+ ω5(λxω
2
c + λy[λx(λx + λy) + 2γ(γ − λx)− λyγ]) + ω7λy},
Σpiypiy(∞) = Σpixpix(∞)|x↔y, Σypiy(∞) = Σxpix(∞)|x↔y, Σypix(∞) = −Σxpiy(∞)|x↔y. (29)
The explicit expressions of asymptotic variances at low and high temperature limits are
given in Appendix B.
At t→∞, the system reaches the quasi-equilibrium state. Taking zeros in the left parts
of Eqs. (24) for Σpixpix , Σpiypiy , Σpixpiy , Σxpix , Σxpiy , Σypiy , Σypix , we obtain a linear system of
equations which establishes the one-to-one correspondence between the asymptotic variances
and asymptotic diffusion coefficients:
Dpixpix(∞) = λpix(∞)Σpixpix(∞), Dpiypiy(∞) = λpiy(∞)Σpiypiy(∞),
Dpixpiy(∞) =
1
2
[
ω˜cx(∞)Σpixpix(∞)− ω˜cy(∞)Σpiypiy(∞)
]
,
Dxpiy(∞) =
1
2
λpiy(∞)Σxpiy(∞), Dypix(∞) =
1
2
λpix(∞)Σypix(∞),
Dxpix(∞) = −
1
2
[
ω˜cy(∞)Σxpiy(∞) +
1
mx
Σpixpix(∞)
]
,
Dypiy(∞) =
1
2
[
ω˜cx(∞)Σypix(∞)−
1
my
Σpiypiy(∞)
]
. (30)
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In the axial symmetric case (mx = my or ωcx = ωcy) with Kxx(t, τ) = Kyy(t, τ), we
have ω˜cx(∞) = ω˜cy(∞), Dpixpix(∞) = Dpiypiy(∞), Dxpiy(∞) = −Dypix(∞), Dpixpiy(∞) = 0,
Σpixpix(∞) = Σpiypiy(∞), Σxx(∞) = Σyy(∞), and Σxpiy(∞) = −Σypix(∞).
F. Orbital magnetic moment
Using Eqs. (16) and (17), one can find the z-component of the angular momentum in the
axial symmetric case (mx = my = m or ωcx = ωcy = ωc)
Lz(t) = < x(t)πy(t)− y(t)πx(t) >
=
m~γ2
π
∫ ∞
0
∫ t
0
∫ t
0
dωdτdτ˜ω coth
[
~ω
2T
]
ω2 + γ2
cos(ω[τ − τ˜ ])
× {λx[B2(τ)C1(τ˜ )−A1(τ)D2(τ˜)] + λy[A2(τ)D1(τ˜)− B1(τ)C2(τ˜ )]} (31)
and related with the magnetic moment per volume unit
M(t) =
neLz(t)
2m
=
2ne~ωcγ
2
πm(λxλy + ω2c )
∑
i
bisi[γ + si][(λx + λy)(γ + si)− 2λxλy]
×
∫ ∞
0
dω coth
[
~ω
2T
]
sin
[
ωt
2
] {si(esit − 1) cos [ωt2 ]+ ω(esit + 1) sin [ωt2 ]}
(ω2 + γ2)(ω2 + s2i )
+
ne~ωcγ
2
πm
∑
i,j
bibj [γ + si][γ + sj]
2[si − sj][si(λx + λy)(γ + si) + 2λxλyγ]
sisj
×
∫ ∞
0
dωω coth
[
~ω
2T
]
(ω2 + γ2)(ω2 + s2i )(ω
2 + s2j )
× {(ω2 + sisj)(1 + e(si+sj)t − [esit + esjt] cos [ωt])
+ ω(si − sj)(esit − esjt) sin [ωt]}, (32)
where n is the concentration of charge carriers. In the Markovian limit (high temperatures),
we obtain
M(∞) = −ne
m
ωcT
λxλy + ω2c
. (33)
In the case λx = λy, the similar expression is derived in Ref. [20]. As seen,M(∞) approaches
zero with increasing friction coefficient. This approach is slower the larger the cyclotron
frequency is. Note that the Bohr-Van Leeuwen theorem (there is no diamagnetism in the
classical system) is restored in the limit of infinite damping or cyclotron frequency.
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At low temperature (T → 0), the magnetic moment
M(∞) = ne~ωcγ
2
πm(λxλy + ω2c )
∑
i
bisi[γ + si][(λx + λy)(γ + si)− 2λxλy] ln
(
γ2
s2
i
)
γ2 − s2i
+
ne~ωcγ
2
πm
∑
i,j
bibj [γ + si][γ + sj]
2[si − sj][si(λx + λy)(γ + si) + 2λxλy]
sisj
× [si + sj][γ
2 − sisj] ln(γ2)− si[γ2 − s2j ] ln(s2i )− sj [γ2 − s2i ] ln(s2j )
[si + sj][γ2 − s2i ][γ2 − s2j ]
(34)
is also nonzero in the presence of dissipation. The orbital diamagnetism survives in the
dissipative environment. At ωc ≫
√
λxλy, γ →∞, and T → 0, we obtain
Lz(∞) = −~, M(∞) = −ne~
2m
. (35)
As seen, for large values of the cyclotron frequency, a saturation value of the magnetization
equals one (negative) Bohr magneton. So, in the dissipative system, we find the quantization
conditions for the orbital angular momentum and magnetic moment.
III. RESULTS OF CALCULATIONS
In the model considered, one can investigate the properties of friction and diffusion co-
efficients, cyclotron frequencies, variances, and angular momentum or magnetic moments.
In addition, one can also study the magnetic moment of the system. It should be noted
that in our model the influence of magnetic field on the coupling between quantum particle
and heat-bath is neglected. The impact of the magnetic field is entered into the dissipative
kernels. However, there are solids whose resistance remains constant in the wide spectrum
of magnetic field. Their properties can be described by neglecting the effect of magnetic
field on the coupling term.
A. Transport coefficients and variances
The dependencies of λpi and ω˜c on time are given in Fig. 1. The non-Markovian correc-
tion to the friction coefficient increases with asymptotic friction coefficient (right side) and
decreases with the magnetic field (left side). The increase of the friction and magnetic field
contributes to the rise of asymptotic magnetic field (bottom parts of Fig. 1). In general, the
rise of the asymptotic friction coefficient increases the transient time of λpix and ω˜c.
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The time evolutions of the diffusion coefficients Dpixpix, Dxpix , Dxpiy , and Dpixpiy at different
temperatures are shown in Figs. 2 and 3. These coefficients are initially equal to zero, and
in some transient time, reach their asymptotic values. At low temperature, the asymptotic
value of Dpixpix changes stronger with the field in comparison to the case of high temperature
(compare Figs. 2 and 3). The value of |Dxpix(∞)| decreases with increasing ωc and approaches
nearly zero in Fig. 2. In the absence of magnetic field, Dxpiy = 0. However, upon switching
the magnetic field Dxpiy becomes non-zero with a negative asymptotic value (Fig. 3). The
asymptotic value of |Dxpiy | increases with ωc and decreases with increasing temperature.
The value of Dpixpiy is equal to zero at λx = λy and becomes negative (positive) at λx > λy
(λx < λy) because
Dpixpiy(∞) =
1
2
[
ω˜cx(∞)Σpixpix(∞)− ω˜cy(∞)Σpiypiy(∞)
]
and Σpixpix(∞) < Σpiypiy(∞) at λx > λy (Σpixpix(∞) > Σpiypiy(∞) at λx < λy).
The time-dependent variances Σxx, Σyy, and Σxy are presented in Fig. 4. One can see the
steadily increase of Σxx with time that is quite expected for the systems without potential
confinement of particle motion. The time behavior of Σxy is more complicated and depends
on the interplay between λx and λy. The absolute values of Σxx, Σyy, and Σxy decreases
with increasing ωc. So, the localization of the charged particle is enhanced by an increasing
magnetic field and decreasing temperature. As seen, at T/λx = 0.1 and ωc/λx = 3 (λy/λx =
2) the system almost reaches the quasi-equilibrium state. The same localization phenomenon
was observed for the charged particle in the harmonic oscillator potential in a dissipative
environment [23, 28].
The asymptotic friction coefficients λx,y unexpectedly decrease with increasing value of ωc
in the bosonic system considered. Note that the friction and resistance are quite different
values and the diagonal components of resistance tensor
ρ(∞) ∼

 mxλx mxωcx
−myωcy myλy


obtained in our model does not depend on magnetic field. Moreover, the friction does
not depend on magnetic field in the Markovian limit, γ →∞. The friction coefficients have
relatively small influence on the process in the system at almost all spectrum of the magnetic
field except for very weak fields. Analyzing the dependence of the frequency of microscopic
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magnetic field ω˜c on λ, one can conclude that the specimen with nonzero friction perceives
the external magnetic field with higher intensity. The non-Markovian corrections to the
external magnetic field are larger for the system with longer time γ−1 of response.
The dependencies of asymptotic variances and diffusion coefficients on magnetic field are
shown in Figs. 5 and 6. At low temperature, the absolute values of Σpixpix and Σxpiy increase
with the field while Σxpix shows the opposite trend. At high temperature, we have the same
behavior for Σpixpix and Σxpix , but different dependence for Σxpiy . Its absolute value firstly
increases with ωc, reaches the minimum, and then decreases. As seen, at low temperature,
the increase of λy with respect to λx leads to larger absolute values of Σxpix (Dxpix) and Σxpiy
(Dxpiy), and to smaller values of Σpixpix (Dpixpix). With increasing temperature, Σxpix (Dxpix)
and Σpixpix (Dpixpix) keep their behavior unchanged.
B. Orbital angular momentum component
We calculate the z-component of the angular momentum Lz for the system settled in the
increasing external magnetic field at different temperatures (Figs. 7 and 8). The results
indicate the diamagnetism of the system even in the presence of a physical heat bath. As
seen in Fig. 7, the absolute value of the magnetization of electric charges increases with
temperature. At high B, the value of Lz or M tends to 0 as ω
−1
c . At low temperatures and
large γ, the value of Lz approaches ~ with increasing B ( Fig. 8). At T → 0, B →∞, and
γ →∞, we obtain the usual quantization of Lz in the dissipative system.
IV. SUMMARY
The behavior of the generated flow of free charge carriers under the influence of external
magnetic field was studied within the non-Markovian two-dimensional Langevin approach
and the linear coupling in coordinate between the charge carriers and environment. In or-
der to average the influence of bosonic heat-bath on the charged particle, we applied the
spectral function of heat-bath excitations which describes the Drude dissipation with Loren-
zian cutoffs. The analytical expressions for the time-dependent and asymptotic friction and
diffusion coefficients, variances of the coordinates, cyclotron frequencies, orbital magnetic
moment were obtained. The influence of an external magnetic field on the transport prop-
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erties of an open quantum system was studied at the limits of low and high temperatures.
Based on the calculations, one can conclude that the system in dissipative environment
perceives the external magnetic field with higher intensity. The non-Markovian corrections
to the external magnetic field are larger for the system with longer memory time. The
decrease of asymptotic friction coefficients and the localization of the charged particle with
increasing magnetic field were observed for the bosonic system. We demonstrated the sur-
vival of diamagnetism of the system in the presence of the realistic heat bath at low and
high temperature regimes. For the orbital magnetic moment or angular momentum in the
dissipative system, we obtained the quantization condition at T → 0, B →∞, and γ →∞.
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Appendix A: Coefficients Jqiqj(t)
The explicit expressions for the coefficients
Jxx(t) = ≪ Ix(t)Ix(t) + I ′x(t)I ′x(t)≫, Jyy(t) = Jxx(t)|x→y,
Jxy(t) = ≪ Ix(t)Iy(t) + I ′x(t)I ′y(t)≫, Jpixpiy(t) = Jxy(t)|x→pix,y→piy ,
Jxpix(t) = ≪ Ix(t)Ipix(t) + I ′x(t)I ′pix(t)≫, Jypix(t)| = Jxpix(t)|x→y,
Jxpiy(t) = ≪ Ix(t)Ipiy(t) + I ′x(t)I ′piy(t)≫, Jypiy(t) = Jxpiy(t)|x→y,
Jpixpix(t) = ≪ Ipix(t)Ipix(t) + I ′pix(t)I ′pix(t)≫, Jpiypiy(t) = Jpixpix(t)|pix→piy . (A1)
are:
Jxx(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxA1(t′)A1(t′′) + λyA2(t′)A2(t′′)] cos(ω[t′′ − t′]),
Jyy(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxB2(t′)B2(t′′) + λyB1(t′)B1(t′′)] cos(ω[t′′ − t′]),
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Jxy(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxA1(t′)B2(t′′) + λyA2(t′)B1(t′′)] cos(ω[t′′ − t′]),
Jpixpix(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxC1(t′)C1(t′′) + λyC2(t′)C2(t′′)] cos(ω[t′′ − t′]),
Jpiypiy(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxD2(t′)D2(t′′) + λyD1(t′)D1(t′′)] cos(ω[t′′ − t′]),
Jpixpiy(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxC1(t′)D2(t′′) + λyC2(t′)D1(t′′)] cos(ω[t′′ − t′]),
Jxpix(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxA1(t′)C1(t′′) + λyA2(t′)C2(t′′)] cos(ω[t′′ − t′]),
Jypiy(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxB2(t′)D2(t′′) + λyB1(t′)D1(t′′)] cos(ω[t′′ − t′]),
Jxpiy(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxA1(t′)D2(t′′) + λyA2(t′)D1(t′′)] cos(ω[t′′ − t′]),
Jypix(t) =
m~γ2
π
∫ ∞
0
dω
∫ t
0
dt′
∫ t
0
dt′′
ω coth
[
~ω
2T
]
ω2 + γ2
× [λxB2(t′)C1(t′′) + λyB1(t′)C2(t′′)] cos(ω[t′′ − t′]).
Appendix B: Asymptotic variances at high and low temperature limits
At high temperature limit, the asymptotic variances are
Σpixpiy(∞) = 0,
Σpixpix(∞) = mxT, Σxpix(∞) =
λyT
λxλy + ω2c
, Σxpiy(∞) = −
ωcxT
λxλy + ω2c
,
Σpiypiy(∞) = Σpixpix(∞)|x↔y, Σypiy(∞) = Σxpix(∞)|x↔y, Σypix(∞) = −Σxpiy(∞)|x↔y.(B1)
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At low temperature limit, we have
Σpixpiy(∞) = 0,
Σpixpix(∞) =
~γ2m
πδ
{λyγ2̟1(λxλy + ω2c ) +̟2(λxγ[γ − 2λy] + λyω2c ) +̟3λx},
Σxpix(∞) =
~γ2
π(λxλy + ω2c )∆
{γ3λ2yζ1(λx − γ)(λxλy + ω2c )
− γλyζ2(γλx[λy(λy + 2λx)− γ(2λy + λx) + γ2] + ω2c [λyλx + γ(λy − λx)])
+ λxλyζ3([λx + 2(λy − γ)]γ + ω2c )− λxζ4λy},
Σxpiy(∞) = −
~γ2ωc
π(λxλy + ω2c )∆
{γ3λxζ1(γ − λy)(λxλy + ω2c )
+ γζ2(ω
2
cλx[2γ + λy]− λy[2λx(λxλy + ω2c )− λxγ(3λy + 2[λx − γ])− γ2(γ − λy)])
+ ζ3(λxω
2
c + λy[λx(λx + λy) + 2γ(γ − λx)− λyγ]) + ζ4λy},
Σpiypiy(∞) = Σpixpix(∞)|x↔y, Σypiy(∞) = Σxpix(∞)|x↔y, Σypix(∞) = −Σxpiy(∞)|x↔y, (B2)
where
δ = (s21 − s22)(s21 − s23)(s21 − s24)(s22 − s23)(s22 − s24)(s23 − s24),
∆ = (γ2 − s21)(γ2 − s22)(γ2 − s23)(γ2 − s24)δ, (B3)
and
̟1 = (s1s2)
4(s21 − s22) ln
[
s1
s2
]
+ (s1s3)
4(s23 − s21) ln
[
s3
s1
]
+ (s1s4)
4(s21 − s24) ln
[
s1
s4
]
+ (s2s3)
4(s22 − s23) ln
[
s2
s3
]
+ (s2s4)
4(s24 − s22) ln
[
s4
s2
]
+ (s3s4)
4(s23 − s24) ln
[
s3
s4
]
,
̟2 = (s1s2)
2(s43 − s44) ln
[
s1
s2
]
+ (s1s3)
2(s44 − s42) ln
[
s1
s3
]
+ (s1s4)
2(s24 − s43) ln
[
s1
s4
]
+ (s2s3)
2(s41 − s44) ln
[
s2
s3
]
+ (s2s4)
2(s43 − s41) ln
[
s2
s4
]
+ (s3s4)
2(s41 − s42) ln
[
s3
s4
]
,
̟3 = (s1s2)
4(s23 − s24) ln
[
s1
s2
]
+ (s1s3)
4(s24 − s22) ln
[
s1
s3
]
+ (s1s4)
4(s22 − s23) ln
[
s1
s4
]
+ (s2s3)
4(s21 − s24) ln
[
s2
s3
]
+ (s2s4)
4(s23 − s21) ln
[
s2
s4
]
+ (s3s4)
4(s21 − s22) ln
[
s3
s4
]
,
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ζ1 = (s2s3s4)
2(s22 − s23)(s22 − s24)(s23 − s24) ln
[
γ
s1
]
+ (s1s3s4)
2(s21 − s23)(s21 − s24)(s23 − s24) ln
[
γ
s2
]
+ (s1s2s4)
2(s21 − s22)(s22 − s24)(s21 − s24) ln
[
γ
s3
]
+ (s1s2s3)
2(s22 − s23)(s21 − s22)(s21 − s23) ln
[
γ
s4
]
+ (γs3s4)
2(γ2 − s23)(γ2 − s24)(s23 − s24) ln
[
s1
s2
]
+ (γs2s4)
2(γ2 − s22)(γ2 − s24)(s22 − s24) ln
[
s1
s3
]
+ (γs2s3)
2(γ2 − s22)(γ2 − s23)(s22 − s23) ln
[
s1
s4
]
+ (γs1s4)
2(γ2 − s21)(γ2 − s24)(s21 − s24) ln
[
s2
s3
]
+ (γs1s3)
2(γ2 − s21)(γ2 − s23)(s21 − s23) ln
[
s2
s4
]
+ (γs1s2)
2(γ2 − s21)(γ2 − s22)(s21 − s22) ln
[
s3
s4
]
,
ζ2 = (γs1)
2[(s2s3)
2 + (s2s4)
2 + (s3s4)
2](s22 − s23)(s22 − s24)(s23 − s24) ln
[
γ
s1
]
+ (γs2)
2[(s1s3)
2 + (s1s4)
2 + (s3s4)
2](s21 − s23)(s21 − s24)(s23 − s24) ln
[
γ
s2
]
+ (γs3)
2[(s1s2)
2 + (s1s4)
2 + (s2s4)
2](s21 − s22)(s22 − s24)(s21 − s24) ln
[
γ
s3
]
+ (γs4)
2[(s1s2)
2 + (s1s3)
2 + (s2s3)
2](s22 − s23)(s21 − s22)(s21 − s23) ln
[
γ
s4
]
+ (s1s2)
2[(γs3)
2 + (γs4)
2 + (s3s4)
2](γ2 − s23)(γ2 − s24)(s23 − s24) ln
[
s1
s2
]
+ (s1s3)
2[(γs2)
2 + (γs4)
2 + (s2s4)
2](γ2 − s22)(γ2 − s24)(s22 − s24) ln
[
s1
s3
]
+ (s1s4)
2[(γs2)
2 + (γs3)
2 + (s2s3)
2](γ2 − s22)(γ2 − s23)(s22 − s23) ln
[
s1
s4
]
+ (s2s3)
2[(γs1)
2 + (γs4)
2 + (s1s4)
2](γ2 − s21)(γ2 − s24)(s21 − s24) ln
[
s2
s3
]
+ (s2s4)
2[(γs1)
2 + (s3)
2 + (s1s3)
2](γ2 − s21)(γ2 − s23)(s21 − s23) ln
[
s2
s4
]
+ (s3s4)
2[(γs1)
2 + (γs2)
2 + (s1s2)
2](γ2 − s21)(γ2 − s22)(s21 − s22) ln
[
s3
s4
]
,
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ζ3 = (γs1)
4(s22 + s
2
3 + s
2
4)(s
2
2 − s23)(s22 − s24)(s23 − s24) ln
[
γ
s1
]
+ (γs2)
4(s21 + s
2
3 + s
2
4)(s
2
1 − s23)(s21 − s24)(s23 − s24) ln
[
γ
s2
]
+ (γs3)
4(s21 + s
2
2 + s
2
4)(s
2
1 − s22)(s22 − s24)(s21 − s24) ln
[
γ
s3
]
+ (γs4)
4(s21 + s
2
2 + s
2
3)(s
2
2 − s23)(s21 − s22)(s21 − s23) ln
[
γ
s4
]
+ (s1s2)
4(γ2 + s23 + s
2
4)(γ
2 − s23)(γ2 − s24)(s23 − s24) ln
[
s1
s2
]
+ (s1s3)
4(γ2 + s22 + s
2
4)(γ
2 − s22)(γ2 − s24)(s22 − s24) ln
[
s1
s3
]
+ (s1s4)
4(γ2 + s22 + s
2
3)(γ
2 − s22)(γ2 − s23)(s22 − s23) ln
[
s1
s4
]
+ (s2s3)
4(γ2 + s21 + s
2
4)(γ
2 − s21)(γ2 − s24)(s21 − s24) ln
[
s2
s3
]
+ (s2s4)
4(γ2 + s21 + s
2
3)(γ
2 − s21)(γ2 − s23)(s21 − s23) ln
[
s2
s4
]
+ (s3s4)
4(γ2 + s21 + s
2
2)(γ
2 − s21)(γ2 − s22)(s21 − s22) ln
[
s3
s4
]
,
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ζ4 = (γs1)
6(s22 − s23)(s22 − s24)(s23 − s24) ln
[
γ
s1
]
+ (γs2)
6(s21 − s23)(s21 − s24)(s23 − s24) ln
[
γ
s2
]
+ (γs3)
6(s21 − s22)(s22 − s24)(s21 − s24) ln
[
γ
s3
]
+ (γs4)
6(s22 − s23)(s21 − s22)(s21 − s23) ln
[
γ
s4
]
+ (s1s2)
6(γ2 − s23)(γ2 − s24)(s23 − s24) ln
[
s1
s2
]
+ (s1s3)
6(γ2 − s22)(γ2 − s24)(s22 − s24) ln
[
s1
s3
]
+ (s1s4)
6(γ2 − s22)(γ2 − s23)(s22 − s23) ln
[
s1
s4
]
+ (s2s3)
6(γ2 − s21)(γ2 − s24)(s21 − s24) ln
[
s2
s3
]
+ (s2s4)
6(γ2 − s21)(γ2 − s23)(s21 − s23) ln
[
s2
s4
]
+ (s3s4)
6(γ2 − s21)(γ2 − s22)(s21 − s22) ln
[
s3
s4
]
.
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FIG. 1: The calculated friction coefficient λpi and cyclotron frequency ω˜c as functions of time.
The results for the frequencies ωc
λ
=1, 5, and 10 of the external magnetic field at given Markovian
friction coefficient λ are presented by solid, dashed, and dotted lines, respectively (left side). The
results for the Markovian friction coefficient (λ = λx = λy)
λ
ωc
=1, 2, 3, and 4 at given external
magnetic field ωc are presented by solid, dashed, dotted, and dash-dotted lines, respectively (right
side).
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FIG. 2: The calculated time dependence of the diffusion coefficients Dpixpix, Dpixpiy , Dxpix , and Dxpiy
at low temperature T/(~λx) = 0.1 and λy/λx = 2. The results for ωc/λx = 0, 1, 2, and 5 are
presented by solid, dashed, dotted, and dash-dotted lines, respectively.
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FIG. 3: The same as in Fig. 2, but at temperature T/(~λx) = 2.
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FIG. 4: The calculated time-dependent variances Σxx and Σxy at indicated temperatures and
λy/λx = 2. The solid, dashed, and dotted lines correspond to ωc/λx = 1, 2, and 3, respectively.
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FIG. 6: The calculated dependencies of the asymptotic diffusion coefficients on ωc. The solid,
dashed, and dotted lines correspond to λy/λx = 0.5, 1, and 2, respectively.
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FIG. 7: The calculated asymptotic z-component of angular momentum L as a function of ωc/λ
at λx = λy = λ and γ/λ = 12. The solid, dashed, and dotted lines correspond to the cases with
T/(~λ) = 1, 2, and 3, respectively.
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FIG. 8: The calculated asymptotic z-component of angular momentum L as a function of ωc/λ at
T = 0. In upper part, γ/λ = 12, λ = λx, λy = λx =1 (solid line), 2 (dashed line), 3 (dotted line).
In lower part, λy = λx = λ, γ/λ = 1 (solid line), 5 (dashed line), 20 (dotted line), 40 (dash-dotted
line).
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